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This parametric study used finite element method (ETABS 2019), on 20 elliptical 

reinforced concrete cantilever deep beam specimens that have rectangular sections. Five 

parameters were taken into consideration: beam height, beam width, concrete 

compressive strength, load position and load type. Results showed that when the beam 

height was increased by 12%–66.5%, the negative and torsional moments and load 

capacity increased by about 11.23%–76.33%, 11.2%–77% and 11.1%–78%, 

respectively, whereas deflection decreased by about 15%–39%. The negative and 

torsional moments and load capacity increased by 26.13%–166.53%, 27%–172.5% and 

28%–180%, respectively, and a decrease in deflection of about 1.73%–2.3% took place 

when beam width increased by about 14.3%–81%. In addition, increasing the 

compressive strength of concrete by 7.5%–36% led to an increase in the negative 

moments, torsional moments, load capacity, and deflection by about 8.22%–19.2%, 

8.7%–20.4%, 9.4%–22% and 4.7%–7.1%, respectively. When changing the load type 

from concentrated to uniformly distributed over a third of the span’s length, two-thirds 

of the span’s length and then over the full span’s length, the negative moments increased 

by 5.23%, 8.47% and 52.67%, whereas torsional moments decreased by 1.1%, 1.12% 

and 16%, respectively. Finally, placing the concentrated load at a distance of 0.75, 0.5 

and 0.25 of the span lengths led the negative moments to increase by 56.9%, 102.3% 

and 110%, respectively, whereas torsional moments decreased by 8.64%, 25%, and 

58.3%, respectively. The load capacity increased by 87.5%, 243.75% and 556.25%, 

respectively, accompanied by a decrease in the deflection of the free end by 3.24%, 

17.65% and 49.8%, respectively.  

Keywords: 

Parametric study 

Reinforced concrete 

Cantilever 

Deep beams 

Finite element 

 

 

1. Introduction  

Elliptical reinforced concrete beams are 

required when constructing elliptical reservoirs, 

balconies and foundations because of the 

structural need as well as their aesthetic 

curvature [1]. Shear and flexural stresses are 

present in the reinforced concrete beam. Owing 

to its curvature, another type of stress is added, 

which is the torsional stress. It appears due to the 

mismatch between the loading and supporting 

points on one straight line. In other words, the 

state of the stresses is more complicated when 

the curvature is present in the elliptical beam 
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especially when the curvature is variable. The 

elliptical beam has two axes, one large (major) 

and one small (minor), so the symmetry of the 

circular ring beam is lost. 

The American code ACI 318–19 

summarises the definition of deep beams in the 

following text [2]: ‘the beams that are supported 

on a face and loaded on the opposite face as 

shear stresses can form between the loads and 

supports. That must satisfy (1) or (2): (1) 

concentrated loads occurred in a displacement 

twice the beam depth (2 h) from face of support; 

and (2) clear span is not more than four times 

h'’. The authors noted that most of the research 

  This work is licensed under a Creative Commons Attribution 4.0 International License.  
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on parameters affecting the behaviour of deep 

members dealt with simply supported deep 

beams [3–6] and continuously supported deep 

beams [7–11], but not with elliptical cantilever 

deep beams. For this reason, the current research 

is conducted. 

For the analysis and design of reinforced 

concrete deep beams, finite element method is 

an approved tool [12–18]. After reviewing the 

aforementioned research, the authors found that 

increasing the height and width of the beam 

section or the compressive strength of concrete, 

or even changing the type of loading from a 

central concentrated load to a uniformly 

distributed one, in simple or continuous deep 

beams, leads to an increase in their load capacity 

with a significant decrease in deflection. This 

finding motivated the authors to study the 

cantilevered elliptical deep beams to find out the 

specific proportions of these effects. Although 

the cantilevered elliptical beams are important 

from a structural and aesthetic perspective, the 

authors did not find studies on them. To 

determine the effects of beam height, beam 

width, concrete compressive strength, load type 

and load position on negative bending moments, 

torsional moments, endspan deflection, load 

capacity and failure location, the authors 

performed analytical investigation for 20 

reinforced normal concrete elliptical cantilever 

deep beams.  

2. Modelling via finite element method 

This research looked at the parametric 

impact on elliptical cantilever deep beam 

specimens by utilising the ETABS 2019 

software. The entire process is broken down into 

the steps listed below. 

 

 

 

2.1 Modeling 

The three-dimensional (3D) linear finite 

element method was adopted to model the 20 

cantilever deep beam specimens to study the 

most influential parameters affecting their 

behaviour. Every specimen was divided into 

190 finite elements. This number of finite 

elements was carefully studied and determined 

to save time and effort with regard to 

calculations whilst maintaining the accuracy 

required for this work. Note that the beams were 

designed based on the American concrete code 

ACI 318–19 as a cantilever beam subjected to a 

load located at its free end, with the second end 

fixed in all directions. Accordingly, the main 

longitudinal reinforcement was positioned at the 

fixed end and located precisely in the upper zone 

of the beam section. 

2.2 Finite element study cases 

The 20 reinforced concrete cantilever 

elliptical deep beam specimens were divided 

into five groups: A, B, C, D and E. Each group 

contained four specimens and was specialised in 

studying only one parameter, as shown in Table 

1. Four specimens from Group A, which were 

precisely 1000 mm, 1120 mm, 1365 mm and 

1665 mm high, exhibit different height values. 

Four specimens from Group B, measuring 525 

mm, 600 mm, 880 mm and 950 mm, exhibit 

different width values. Four specimens from 

Group C, ranging in concrete compressive 

strength from 30.5 MPa to 41.5 MPa, were 

included. In group D, how different ratios of the 

length of the beam span were affected was 

investigated by converting the loading type from 

a single to a uniform one. Finally, in Group E, 

the load was moved and placed on a quarter of 

the span’s length (0.25 L) from the side of the 

fixed end, half the span’s length (0.5 L) and 

three-quarters of the span’s length (0.75 L). 

Figure 1 presents the elliptical deep beam in 3D 

modelling. 
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Table 1: Specimens in detail 

No. 

G
ro

u
p

 

Parameter 
height 

(mm) 

Width 

(mm) 

Concrete 

Compressive 

Strength 

(MPa) 

Load type 

 

Load 

Position 

1 

A 
d

im
en

si
o

n
s Height 

1000 

600 

30.5 

Concentrated 

load 

1L 

2 1120 

3 1365 

4 1665 

5 

B Width 

1365 

525 

6 600 

7 880 

8 950 

9 

C 

M
at

er
ia

l 

Concrete 

Compressive 

Strength 

600 

30.5 

10 32.8 

11 38.5 

12 41.5 

13 

D 
Load type (ratio of 

span length (L)) 

30.5 

Concentrated 

load 

14 
33%L 

uniform load 

15 
66%L 

uniform load 

16 
100%L 

uniform load 

17 

E 
Load Position from 

the fixed end 

Concentrated 

load 

0.25L 

18 0.5L 

19 0.75 

20 1L 

 

 

Figure 1. Cantilever elliptical deep beam 

2.3 Material properties 

The 20 specimens were modelled from two 

main materials, namely, concrete and steel. The 

properties of these two materials were required 

in the ETABS 2019 software to feed it with real 

constants. The properties of concrete taken into 

account were compressive strength (f’c), tensile 

strength (ft), flexural tensile strength (fr), 

Young’s modulus of concrete (Ec) and 
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Poisson’s ratio of concrete (ν). For steel 

reinforcement, the properties considered were 

the yield tensile strength for both main and 

secondary reinforcement (fy & fys) in addition 

to the Young’s modulus of steel (see Table 2). 

In the current study, steel was assumed to 

behave as an elastic of perfectly plastic material 

in both tension and compression. 

 

Table 2: Material properties 

Ec (MPa) Es (MPa) f'c (MPa) ft (MPa) 
Poisson`s 

ratio (ν) 
fy (MPa) fys (MPa) 

25956.5 

199948 

30.5 3.05 

0.2 413.7 402 
26917.5 32.8 3.28 

29162.7 38.5 3.85 

30277.6 41.5 4.15 

 

3. Parametric study 

Table 3 presents the results of the analysis 

of 20 specimens with regard to the effect of 

beam height, concrete compressive strength, 

beam width, loading type (i.e., changing it from 

a concentrated force at the end of the beam (the 

free end) to a partially uniformly distributed 

with different percentages of the span’s length) 

and the load position (moving the load from the 

free end to the fixed end by a quarter of the 

span’s length each time). In the following 

subsections, the effect of each of these 

parameters on negative moments, torsional 

moments, load capacity, and free-end deflection 

are studied in detail. 

The positive and negative moments are in 

the direction of the longitudinal axis of the 

beam, whereas the torsional moments are 

perpendicular to it. The places where the failure 

occurred are explained later in some figures 

(when the red colour appeared on the beams). 

 
Table 3: Detailed analysis results for all specimens
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3.1 The effect of beam dimensions 

Changing the dimensions of a beam section 

evidently affects load capacity on the one hand 

and endspan deflection on the other. 

Accordingly, the effect of the beam height and 

then its width is studied in the subsequent 

paragraphs. 

3.1.1 The effect of beam height 

Increasing the height of the beam (1000 mm, 

1120 mm, 1365 mm and 1665 mm) leads to an 

increase in the area of the beam section, which 

increases the section compression zone that is 

located in the lower part of the beam section. It 

also increases the ability of the section to resist 

torque that leads to an increase in the section 

strength. Increasing the beam height by 12%–

66.5% also leads to an increase in the moment 

of inertia for the rectangular beam section, thus 

decreasing the endspan deflection. 

• Negative moments increase by about 

11.23%–76.33%, as shown in Figure 3. 

• Torsional moments increase by about 

11.17%–77%, as shown in Figure 4. 

• Load capacity increased by about 

11.1%–77.8, as shown in Figure 5. 

• Deflection decreases by about 14.89%–

38.72%, as shown in Figure 6. 

Figure 7 shows how the failure occurred at 

the support zone in the beam 1365 mm high, as 

an example. 

 
Figure 3.  Effect of height variation on negative moment 

 
Figure 4. Effect of height variation on the moment of torsion 
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Figure 5. Effect of height variation on load capacity 

 
Figure 6. Effect of height variation on deflection 

 

Figure 7. Location of failure of a beam with 2400 mm height   
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3.1.2 The effect of beam width 

Increasing the width of the beam leads to an 

increase in the section’s ability to resist more 

moments, whether they are flexural or torsional, 

as mentioned in the previous subsection. 

Therefore, when the width is increased by 

14.3%–81%, the following results are obtained: 

• Negative moments increase by about 

26.13%–166.53%, as shown in Figure 8. 

• Torsional moments increase by about 

27%–172.54%, as shown in Figure 9. 

• Load capacity increases by about 28%–

180%, as shown in Figure 10. 

• Deflection decreases by about 1.73%–

2.31%, as shown in Figure 11. 

Figure 12 shows how the failure occurs at 

the support zone in the beam that is 600 mm 

wide as an example. 

 

 
Figure 8.  Effect of width variation on negative moments 

 
Figure 9. Effect of width variation on the torsional moments 
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Figure 10. Effect of width variation on load capacity 

 
Figure 11. Effect of width variation on deflection 

 
Figure 12. Location of failure in a 600 mm width beam 
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3.1.3 The effect of concrete compressive 

strength 

One of the important parameters in the 

strength of reinforced concrete beam section is 

the compressive strength of concrete. As the 

value of the compressive strength increases, the 

ability of the section to resist moments 

increases, so the load capacity increases, and the 

deflection decreases. Accordingly, increasing 

concrete compressive strength by 7.54%–

36.1%, leads to the following: 

• Negative moments increase by about 

8.22%–19.2%, as shown in Figure 13. 

• Torsional moments increase by about 

8.73%–20.4%, as shown in Figure 14. 

• Load capacity increases by about 9.4%–

22%, as shown in Figure 15. 

• Deflection increases by about 4.71%–

7.1%, as shown in Figure 16. 

Figure 17 shows how the failure occur at the 

support zone in the beam with a concrete 

compressive strength of 30.5 MPa as an 

example. 

 
Figure 13. Effect of compressive strength variation on negative moments 

 
Figure 14. Effect of compressive strength variation on torsional moments 
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Figure 15.  Effect of compressive strength variation on capacity of load 

 
Figure 16. Effect of compressive strength variation on deflection 

 
Figure 17.  Location of failure of a beam with 30.5MPa compressive strength 
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3.2 The effect of the loading type 

The concentrated load which is located at 

the end of the beam (free end) is converted into 

three types of partially uniformly distributed 

load, more specifically, one third of the span’s 

length (33% L), two-thirds of the span’s length 

(66% L) and the whole span’s length (100% L) 

(see Figure 18). Converting a concentrated load 

to a distributed one, in general, leads to a 

decrease in the stress concentration, thus 

increasing the loading capacity and reducing the 

deflection. In addition, increasing the loading 

capacity leads to an increase in the negative 

moments because they are the moments of 

failure. As for the torsional moments, they 

decrease because the centre of the distributed 

load becomes closer to the support (decreasing 

the arm of torsion). In more detail, converting 

the concentrated load into uniformly distributed 

one by 33%, 66% and 100% of span length leads 

to the following: 

• Negative moments increase by about 

5.23%–52.7%, as shown in Figure 19. 

• Torsional moments decrease by about 

1.1%–16%, as shown in Figure 20. 

• An increase in the load capacity by about 

306% and 181% takes place when 

loading 33% and 66% of the span’s 

length, but it decreases by about 31% 

when loading 100% of the span’s length, 

as shown in Figure 21. 

• Decrease in deflection by about 1.76%–

11.8%, as shown in Figure 22. 

Figure 23 shows how the failure occurred at 

the support zone in the beam with 100% of 

span’s length load as an example. 

 

 

Figure 18.   Distribution of the uniform load on the beams by the method of thirds 

 

 
Figure 19.   Influence of   load type variation on negative moments 
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Figure 20.   Influence of   load type variation on torsional moments 

 

Figure 21.   Influence of   load type variation on capacity of load 

 

Figure 22.   Influence of   load type variation on deflection 
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Figure 23. Location of failure of a beam with 100% uniform load of span 

3.3 The effect of the loading position 

When moving the concentrated load located 

at the free end of the beam (1 L), bringing it to 

the fixed end by a quarter of the span’s length 

each time (i.e., 0.75 L, 0.5 L and 0.25 L), the 

results are directly affected. The load capacity 

increases with an increase in the deflection, and 

it is because of the increase in the negative 

moments (failure moments) due to the 

shortening of their arms. As for torsional 

moments, they decrease due to the shortness of 

their torsional arms and the elliptical shape 

characteristic. In more detail, moving the 

contracted load from 1 L to 0.25 L leads to the 

following: 

• Negative moments increase by about 

56.9%–110%, as shown in Figure 24. 

• Torsional moments decrease by about 

8.64%–58.3%, as shown in Figure 25. 

• Loading capacity increases by about 

87.5%–556.25%, as shown in Figure 26. 

• Deflection decreases by about 3.24%–

49.8%, as shown in Figure 27. 

Figure 28 shows the failure of the cantilever 

beam when the concentrated load is located at a 

distance of a quarter of the span’s length from 

the fixed support as an example. 

 

Figure 24.   Influence of   load position variation on negative moments 
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Figure 25.   Influence of   load position variation on torsional moments   

 

Figure 26.   Influence of load position variation on capacity of load 

 

Figure 27.   Influence of  load position variation on deflection 
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Figure 28. Location of failure of a beam with 0.25L of span

4. Conclusions 

 In this research, the ETABS 2019 software 

was used to carry out the well–known finite 

element method. Twenty reinforced concrete 

elliptical cantilever deep beams were analysed, 

and they were divided into five groups. Each 

group contained four specimens that dealt with 

one of the influential parameters affecting the 

behaviour of this type of beams. The effects of 

beam section height, beam section width, 

compressive strength of concrete used in 

casting, load type and its location were studied. 

Many results were reached, and the most 

prominent of which can be summarized are as 

follows: 

• The increase in the height of the beam 

section increases the concrete area above 

the neutral axis, so the section’s ability 

to resist negative moments increases. 

The increase in the cross–section area 

also increases its ability to resist the 

torsional moments that are concentrated 

on its sides. Therefore, the loading 

capacity increases accompanied by a 

decrease in deflection due to the increase 

in the moment of inertia. Specifically, 

when the height increases by 12%–

66.5%, negative moments, torsional 

moments and load capacity increased by 

about 11.23–76.33%, 11.17–77% and 

11.1–77.8%, respectively. Nonetheless, 

with increasing height, deflection 

decreases by 14.9%–38.7%. 

• As the width of the beam section 

increases, the concrete area above the 

neutral axis enhances the ability of the 

beam section to resist negative 

moments. In addition, the enlargement 

in concrete size of the cross section 

enhances the section’s ability to resist 

the torsional moments that are focused 

on its sides. Based on the above, the load 

capacity increases, but the deflection 

decreases due to the increase in the 

moment of inertia. In more detail, 

increasing the width by 14.3%–81%, 

leads to an increase in the negative 

moments, torsional moments and load 

capacity with a decrease in deflection by 

about 26.13%–166.53%, 27%–

172.54%, 28%–180% and 1.73%–

2.31%, respectively. 

• Increasing the compressive strength of 

concrete leads to an increase in the 

ability of the beam section to resist 

negative and torsional moments. As a 

logical result, the load capacity 

increases, and deflection decreases. 

Specifically, when the compressive 

strength of concrete is increased by 

7.54%–36%, the negative and torsional 

moments, load capacity and deflection 

increase by about 8.22%–19.2%, 

8.73%–20.4%, 9.4%–22% and 4.71%–

7.1, respectively. 

• In general, changing a concentrated load 

to a partially uniformly distributed one 

causes the stress concentration to drop, 
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thus improving the loading capacity and 

decreasing deflection. Additionally, 

raising the loading capacity causes the 

negative moments to rise because they 

are the moments of failure. The torsional 

moments are reduced when the 

distributed load’s centre moves closer to 

the fixed support (shortening the arm of 

torsion). In more detail, converting the 

concentrated load into uniformly 

distributed one by 33%, 66% and 100% 

of span length leads to increasing the 

negative moments by about 5.23%–

52.7%, decreasing the torsional 

moments by about 1.1%–16%, 

increasing the load capacity by about 

306% and 181% when loading 33% and 

66% of the span’s length. Although load 

capacity decreases by about 31% when 

loading 100% of the span’s length, 

deflection decreases by about 1.76% –

11.8%. 

• Moving the concentrated load from the 

free end of the beam towards the fixed 

end, by a quarter of the span’s length 

each time; 0.75 L, 0.5 L and 0.25 L 

demonstrate clear effects. The load 

capacity increases with an increase in the 

deflection because the increase in the 

negative moments (failure moments) is 

due to the shortening of their arms. 

Torsional moments decrease due to the 

shortness of their torsional arms and the 

elliptical shape characteristic. In more 

detail, negative moments increase by 

about 56.9%–110%, torsional moments 

decrease by about 8.64%–58.3%, 

loading capacity increases by about 

87.5%–556.25% and, finally, deflection 

decreases by 3.24%–49.8%. 
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