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essential for reliable stress prediction. However, design standards such as ISO 6336-3
represent the root fillet using simplified circular approximations rather than the exact
cutter-generated geometry. While adequate for standard gears, these approximations may
become less representative when substantial profile shifts are introduced, particularly in
Altered Tooth-sum Gears (ATG), where systematic profile shifis enable tooth-sum
modification while maintaining the prescribed centre distance. This study develops a
cutter-tool-path-based analytical formulation for the ATG root fillet. The formulation is
first validated geometrically against a simulated cutter envelope, then compared with the
IS0 6336-3 circular approximation, and a controlled finite-element analysis is performed
to isolate the influence of fillet geometry on tooth-root stress. For a representative ATG
configuration, the critical-section thickness deviation from the ISO representation
increases from approximately 6% to 12.47% with increasing negative profile shift. The
corresponding maximum root stress is approximately 332 MPa for the analytically
generated fillet, compared with 443 MPa for the ISO circular approximation,
representing a difference of approximately 25%. These results show that, for ATG
configurations with substantial profile shifts, the ISO circular approximation can
significantly overpredict root stress, underscoring the need for cutter-generated fillet
geometry in their design evaluation.
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1. INTRODUCTION

The gear root fillet is one of the most critical regions of
a gear tooth because it governs bending strength and is
the location most susceptible to fatigue failure under
cyclic loading. For this reason, an accurate description
of the fillet geometry is essential in both analytical and
numerical stress evaluations. ISO 6336-3 [1] provides

of the additional flexibility they offer in gear design.
Such approaches employ deliberate modifications of
conventional gear geometry, including profile shifts,
which alter the relative geometry between the
generating tool and the gear and can consequently affect
the resulting root-fillet profile. Consequently, the direct
application  of  conventional ISO  root-fillet

specific procedures in clauses 6.2.3 to 6.2.5 for
calculating the equivalent root fillet radius, the tooth
root normal chord, and the bending moment arm.
Although these standardized geometric quantities do
not explicitly reconstruct the complete cutter-generated
fillet profile, they provide a convenient and effective
engineering  approximation for  bending-stress
evaluation in standard gears. In recent years, non-
standard gear methodologies, such as Altered Tooth-
sum Gearing (A7G) [2], have gained attention because

representations to these configurations warrants careful
consideration.

A number of studies have investigated bending-stress
behavior in both standard and non-standard spur gears
using analytical, numerical, and standards-based
approaches. Mouton et al. [3] and Pedrero et al. [4]
adopted ISO-based approaches or introduced
modification factors in their investigations of spur-gear
root stresses, and Bonaiti et al. [5] similarly proposed a
fatigue-limit-based correction to the constant factor
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conventionally used to translate single-tooth bending
fatigue results into full meshing-gear ratings under ISO
6336. Similarly, studies of A7G by Rajesh and
Gonsalvis have employed ISO-style circular fillet
representations to examine bending stress under static
loading [6] and load sharing along the path of contact
[7], and validated ATG bending-stress predictions
experimentally using a strain-gauged single-tooth Gear
Tooth Bending Test fixture benchmarked against
AGMA [8]. Krishnamurthy and Kurkal [9] similarly
compared four rack-cutter tip geometries without
deriving the fillet from the tool path itself. Studies on
root fillet and bending-stress analysis using commercial
CAD packages [10, 11] typically generate fillets using
default blending arcs, which may not reproduce the
actual geometry generated by the cutting tool. Other
investigations have pursued gear performance
improvements through broader geometric-parameter
optimization [12] and finite-element evaluation of
bending and contact strength under machining and
assembly errors [13], while asymmetric tooth
geometries have been explored to reduce root stress
concentration through altered flank symmetry [14, 15].
As with the ISO- and CAD-based approaches above,
these studies rely on prescribed or simplified root-fillet
representations rather than one derived from the
generating tool path.

Beyond these standards- and geometry-based
approaches, analytical methods have also been
developed to describe cutter-generated root profiles.
Litvin's vector-based meshing-equation formulation
[16] provides the general kinematic foundation for
deriving such tooth and fillet surfaces directly from
cutter motion, and Fetvaci and Sentiirk [17] recently
applied this approach to derive the rack-cutter-
generated locus in the transverse section. Spitas and
Spitas [18] investigated the effect of enlarged cutter tip
radius on trochoidal root fillet strength, directly
modifying the fillet geometry itself rather than treating
it as fixed, while Dong et al. [19] investigated modified
tooth-root profiles generated through hobbing using a
Bézier-defined hob-tip contour. A recent geometric
reassessment [20] further clarifies that the cutter-
generated fillet is genuinely trochoidal only for pinion-
shaped cutters, whereas for rack-type cutters — the case
considered throughout this work — the exact locus
generated is a prolate involute rather than a trochoid.
These studies demonstrate that the root geometry
produced by the generating tool can be explicitly
modelled rather than represented solely by a
conventional blending curve. However, the reported
analytical treatments have primarily considered
conventional gear-generation configurations, with
profile shift, where present, treated as a moderate and
freely chosen design parameter rather than one
constrained by a fixed center distance, and none address
the large, systematic profile shifts imposed by tooth-
sum alteration.

Thus, although extensive research has addressed root-
fillet geometry and bending performance for standard
and non-standard spur gears, the accuracy of stress
prediction ultimately depends on the fidelity with which
the root region is represented, irrespective of the
analysis approach employed. While ISO-based root
fillet approximations are well suited to standard gears,
the cutter-generated root-fillet geometry associated
with systematic profile shifts in A7G remains
insufficiently characterized, since the geometric
changes ATG introduces can alter the actual root profile
relative to the conventional ISO representation. This
observation motivates the development of root fillet
profiles derived directly from the cutter tool-path to
achieve higher geometric fidelity for such
configurations.

Specifically, the research gap addressed in this work is
the absence of a cutter-kinematics-based analytical
formulation for the root fillet of 4A7G. Existing cutter-
generated fillet formulations [16-20] have been
developed mainly for standard or moderately shifted
gears, whereas existing A7G studies [6-9, 21] rely on
ISO-style or otherwise simplified fillet representations.
The objective of this study is therefore to extend cutter
kinematics theory to the ATG framework and develop a
tool-path-based analytical formulation of the root fillet,
and to quantify the resulting geometric deviation from
the ISO 6336-3 circular approximation. This study
makes three original contributions relative to existing
cutter-based, ISO-based, and numerical gear-modelling
approaches. First, it provides a unified closed-form
description of the root fillet and conjugate involute
flank for ATG. Second, it quantifies the range over
which the ISO 6336-3 circular approximation remains
acceptable for 47G. Third, it provides a controlled
finite-element comparison that isolates the effect of
fillet geometry on tooth-root stress and links the
resulting geometric deviation to its mechanical
consequence.

2. BACKGROUND

2.1 Gear geometry modification by tooth-sum alteration

From classical gear theory [22, 23], the pitch circle
radius of a spur gear is directly proportional to its center
distance and inversely proportional to the total number
of teeth of the mating pair. Altering the tooth-sum while
maintaining an invariant center distance consequently
modifies the effective meshing pitch circles and the
operating pressure angle. A reduction in the total tooth-
count leads to enlarged tooth spaces, whereas an
increase requires a corresponding reduction in tooth
thickness to accommodate the additional teeth. Profile
shifting is a gear design technique that modifies tooth
thickness and tooth space distribution along the tooth
profile without altering the number of teeth. When
applied appropriately, profile shifting allows the
restoration of conjugate action disrupted by tooth-sum
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alteration by introducing a calculated total profile shift
proportional to the altered tooth sum.

In a gear drive, a fixed center distance can accommodate
a wide range of tooth sums and gear ratios. The module
m mainly controls load capacity, while the tooth-sum
sets the transmission ratio and output speed. In a
standard pair with reference tooth-sum z}, the
operating pressure angle ¢, and center distance c,, are
identical to the standard pressure angle ¢, and center
distance cg. If the tooth sum is altered by a tooth-sum
alteration factor TAF a, such that z& = az!, and the
centre distance is modified by a center-distance
alteration factor CAF f, such that c3 = fcI, then it can
be shown that the relation between standard and the
operating pressure angle ((,bp ,(l)w) and pitch circles

(rp T ), as illustrated in Figure 1, can be expressed as

[2]:
cosg, | 1, _«a (1)
cosg, | r, p

Tooth-sum =z3 = az;

ATG system

Tooth-sum =z}
STG system

Figure 1. Geometric comparison Standard tooth-sum gear
and ATG system. Adapted from [24]

Using the operating pressure angle obtained from
Eq.(1), the module-normalized Total Profile Shift
Coefficient TPSC X;, [2] required to satisfy the
conjugate meshing condition is determined from:

X - mz, (mv¢w invg p> Ba @)
2mpBtang,

The TPSC X, must be distributed between the pinion

and the gear. If x; and x, denote the profile shift

coefficients of the pinion and the gear, respectively,

then for analytical formulation the TPSC X, is defined

as:

X, =x +x, 3)

s

A tooth topping coefficient TTC Y [2] that ensures
adequate root clearance in ATG and other non-standard
gears is given by:

Y=x {%)(a- p) @)

The ratio of profile shift coefficient x; on the driver to
that of the TPSC X,, for a gear-pair is defined as the
profile shift factor x [2]. This ratio, which distributes
the total profile shift between the mating gears, is given

(3]

Egs. (1) to Eq. (5) are a set of general expressions
suitable for standard and non-standard spur gears. For
a standard tooth-sum gear-pair (STG), @ = § = 1. For
the ATG system, 0.96 < a < 1.04 and = 1. For the
S+ profile shifted system, 0.96 < § < 1.04 and a =
1. These relationships establish the fundamental
dependence of operating pressure angle, profile shift,
and tooth topping on TAF a, and CAF f5.

The geometric framework underlying these governing
equations has been developed in earlier work on ATG
[2, 21, 24] and non-standard gears in general [22].
Accordingly, only the essential relations required for
the present analysis are summarized here, while
interested readers are referred to the cited publications
for detailed derivations and comprehensive geometric
discussion.

2.2 ISO Standard Recommendation for Root Fillet
Radius

The basic reference rack specified in ISO 21771:2007
[25] is illustrated in Figure. 2.

p. =mm

Basic Rack

| ! ) . 1
| Pitch CircleTangent1  Ritch Circle offset m‘(qy‘PImh Circle offset
\ Torack Pitch line ‘\ fmm rack Pitch line-, ’mwards rack pitchline

\ \ ’
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N [N /o~ s’

~ -,
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Figure 2. Rack proportions and I—Jr—c;ﬁle shift (Zero, positive
and negative), per ISO 21771:2007 [25]

The rack pitch line coincides with the gear pitch circle
in the standard case, while positive or negative profile
shifts displace the gear pitch circle relative to this line.
The ISO 6336-3 treatment of the root region provides
an analytical expression [1] for an equivalent circular
fillet radius, pr to be used at the critical section for
bending-strength calculations.

2G°
cos H(z cos® y — 2G)

pf=}"+m

(6)
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where m is the module, r is the tool tip radius of the
generating cutter, z is the tooth count, Y is the critical-
section tangent angle (typically 30deg for external
gears), and G is a geometry term that condenses the
generating data of the basic rack (addendum, clearance,
profile shift, etc.).

G=—-ZL4x (7)
m m

Where a = 1.25m is the addendum height of the rack
and ‘x’ is the profile shift coefficient (Refer Figure. 2).
The fillet radius from Eq. (6) provides a single radius
that is consistent with ISO’s bending form factor and
stress correction factor calculations.

While ISO 6336-3 recommendations provide a widely
accepted framework for gear design and strength
assessment, particularly for standard gear systems, the
equivalent circular fillet representation is intended
primarily for simplified stress evaluation rather than for
describing the generated root fillet geometry. When
applied to non-standard gears, where the root fillet
geometry deviates significantly from standard forms,
the circular fillet assumption may not adequately
capture the true generated root shape, which can affect
the accurate evaluation of both the magnitude and
location of critical root stresses. In this context, the
cutter—gear kinematics-based formulation presented in
Section-3 provides an analytical description of the
generated root fillet geometry, which forms the basis for
evaluating the magnitude and location of critical root
stresses in ATG and other non-standard spur gears.

3. CUTTER KINEMATIC-BASED ROOT
FILLET EQUATION

To address the limitations associated with equivalent
circular fillet representations when modelling non-
standard gear geometries, this section presents a root
fillet formulation derived from cutter—gear kinematics.
The root fillet is described as the locus traced by the
rack cutter tip during the generation process, consistent
with the fundamental principles of involute gear
generation. The formulation explicitly accounts for
cutter geometry, profile shift, and the relative rolling
motion between the cutter and the gear, and provides a
systematic means for determining the generated root
fillet geometry in ATG and other non-standard spur
gears.

Two cartesian coordinate frames (Refer Figure. 3) are
introduced to describe the relative motion. Frame {1}
is rigidly attached to the rack cutter, with its origin
located at point M. Frame {2} is fixed at the gear, with
its origin at the pitch point P, where the rack pitch line
coincides with the gear pitch circle. The pitch point
thus provides an invariant reference for describing both
the translational motion of the cutter and the resulting
fillet geometry.

¢p <P =m/2
S, 2
oo

ey *

) line.

Figure 3. Cutter kinematic-based root fillet generation

The rack cutter is characterized by its addendum a,
circular tip radius 7, standard pressure angle ¢, and
circular pitch p.. During the generation process, the
cutter undergoes pure translational motion relative to
the gear, while the gear executes a corresponding
rolling rotation to satisfy the no-slip condition at the
pitch point. The generated root fillet is obtained as the
locus of the instantaneous cutting point traced during
this combined translational-rolling motion.

The normality condition requires that the normal at the
active cutter point passes through both the fillet center
and the pitch point. Consequently, the cutting point
always lies on the extension of the line PO, and its
position is uniquely determined once the cutter center
location is known. This constraint applies uniformly
throughout the generation process and is valid for the
lower limiting point B, any intermediate contact point
q, and the upper limiting point A. At the lower limit of
fillet generation, the active cutter point B and the cutter
center O lie directly below the pitch point P. In the
gear-fixed frame {2}, this geometric condition gives:

OZx = B2x =0 (8)

The upper limit of fillet generation is governed by point
A, corresponding to the configuration at which the
cutter point reaches the top of the generated fillet. At
this position, the vertical displacement of the cutter-
fixed frame {1}, expressed in the gear-fixed frame {2},
equals the prescribed cutter offset, yielding:

sz =xm 9

The relationship between the cutter position, the fillet
center, and the limiting points of the generated root
fillet provide the foundation for deriving the complete
locus of fillet points. The valid range of motion is
bounded by the condition —¢, < ¢, < —1/2, which
corresponds to the cutter sweeping from the uppermost
contact at point 4 to the lowermost contact at point B.
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Once the limiting positions have been defined, the
intermediate points of the fillet are obtained by varying
the angular position ¢, of the cutter center. By dividing
this interval into sufficiently small increments, a
sequence of cutter positions can be determined, each
producing a distinct point on the fillet curve. For a
given cutter position, the Cartesian coordinates of the
fillet center ‘O’ in frame {1} are given by

0, =B, =(%—htan¢p —rcos¢pj

0, = —(a—r)

(10)

The parameter h denotes the vertical distance measured
from the rack pitch line to point A, where point 4 is the
tangency point between the inclined rack flank at the
standard pressure angle ¢, and the circular fillet of
radius r at the cutter tip. This distance is determined
solely by the rack geometry and is given by:
h=(a—r+rsin¢p) (11)
Since the cutter undergoes only translational motion,
the transformation from the cutter-fixed frame {1} to
the gear-fixed frame {2} is accomplished by simple
vector addition. The cutter center coordinates in Frame
{2} are therefore:

02x :01x+M2x’ 02y :Oly+M2y (12)
Fillet generation under the normality condition requires
the common normal at the cutting point to pass through
both the fillet center O and the pitch point P. Thus, the
line PO defines the normal direction and is inclined at
an angle ¢, with respect to the horizontal axis of the
gear-fixed frame {2}. This inclination of the normal
yields the following relationship between the Cartesian
coordinates of the cutter center O in frame {2}:

tan ¢, tan ¢,

Oy, +xm
0,

(13)

X

Combining the coordinate transformation in Eq. (12)
with Eq. (13), and substituting the cutter center
coordinates from Eq. (10), the horizontal displacement
of the cutter is obtained as:

O,, +xm . 14
o H—¢M%”"’¢ﬂ§

Where ¢, is the angular position of the cutter center
relative to the pitch point. The distance from the cutter
center O to pitch point P can be expressed as:

PO=.J03,+03,

By definition, the cutting point lies on the extension of
the line PO, at a distance equal to the cutter radius
beyond the center. Therefore, the distance from the

(15)

pitch point P to any arbitrary point ¢ on the cutter fillet
between A4 and B can be expressed as:

Pg=PO+r (16)

Since the cutting point lies on the extension of line PO,
the coordinates of the point ¢ in frame {2} are then
determined through proportional scaling along this
line:

Pq Pg
:P_OXOZX’ Gay =5 -% 05

0 17)

925

Referring the vector loop CPq in Figure. 3, the
instantaneous location of the arbitrary cutter point g,
expressed with respect to the gear center C is given by:

T :\/(q2x)2 +(”p +‘I2y)
0 =tan”! [ﬁj (49

q
Y, +4,,

2

The term 7, + g3, is the instantaneous vertical offset
of the cutting point relative to the gear center. Together
with the horizontal component g5, it defines the radius
vector 7, from the gear center to the cutting point.
During generation, the rack translates along the pitch
line while the gear rolls without slip on its pitch circle.
If M,, denotes the horizontal displacement of the rack
reference point in frame {2}, then the associated rigid-
body rotation of the gear, 8 (used here to denote this
rolling rotation angle, distinct from the CAF f of
Section 2.1) and hence of the tooth center line is given
by:

p= (19)

"

{(Mz)c + P /2)]

The constant term p./2, representing one-half of the
circular pitch measured along the pitch line, accounts
for the relative phase alignment between the gear tooth
center line and the rack reference position.

In the gear tooth reference frame {t}, the position of the
point X on the generated root profile, which coincides
instantaneously with the cutter point g, is described by
the polar coordinates (73 , 8,) given by:

r. = l"q

0.=0,-p
where 7, and 6, denote the instantaneous polar
coordinates of the cutting point q relative to the gear
center, and f represents the rigid-body rolling rotation

of the gear. The corresponding Cartesian coordinates in
the tooth reference frame {t} follow as:

(20)

€2y

By continuously varying the cutter angular position ¢,

x=r.sin6, , y=r,cos0,
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within the admissible range, the complete locus of the
gear root fillet is obtained. The resulting curve
represents the true kinematic path traced by the rack
cutter tip during manufacture, fully accounting for both
translational and rolling components of motion.

The extremal radial positions of this locus define the
limiting geometry of the root region. The maximum
radial distance corresponds to the fillet circle, whereas
the minimum radial distance corresponds to the root
circle. Accordingly, the fillet circle radius [23] is
obtained as:

2
rfz:rb2+ rbtan¢p{h_me (22)

sing),

Eq. (22) defines the fillet circle associated with the
limiting cutter configuration, completing the analytical
description of the generated root geometry based on
cutter—gear kinematics. With the root fillet formulation
established, the involute portion of the tooth profile is
developed in the following section.

4. INVOLUTE PROFILE FOR ATG

An accurate representation of involute tooth geometry
and simulation of gear generation by a rack cutter
constitute the foundation for modeling both the tooth
flanks and the root fillet of standard spur gears (STG)
and A7G. Any admissible tooth form must satisfy the
fundamental law of gearing, which requires that the
common normal at the point of contact intersect a fixed
pitch point on the line of centers, thereby ensuring a
constant angular-velocity ratio between the mating
gears. A generalized mathematical formulation,
whether with or without profile shift, should therefore
satisfy the following conditions: a) The distance
between the coordinate system origins of the two gears
is constant. b) The angular-velocity ratio between the
gears of a gear pair is constant. ¢) The components of
the velocity vectors along the common normal at the
point of mesh are equal.

When these kinematic conditions are combined with a
rack-cutter generation model, the resulting formulation
provides the parametric description of both standard
and non-standard gear geometries, including A7G,
while ensuring compliance with the governing law of
gearing. The expressions for the generation of involute
curves are available in classical texts on gear geometry
[22, 23]. However, these relations are not expressed in
a form that explicitly enforces the conjugacy and
center-distance constraints governing a meshing gear
pair. Closed vector-loop relationships, matrix
representations and coordinate transformation are well
established tools in mechanism kinematics and have
also been applied in gear geometry modeling [16]. In
the present formulation, these concepts are employed
to obtain the coordinates of the corresponding contact
points on the mating gears using a closed vector-loop
relationship between the rotating coordinate frames

attached to the pinion and the gear. The resulting
formulation provides a computationally convenient
framework for determining the coordinates of the
meshing gear pair while satisfying the conjugacy
condition for a given center distance.

A rotating coordinate frame {1} and {2} are rigidly
attached to the pinion and the gear, respectively, as
shown in Figure. 4. The constant position between
frame {1} and {2}, representing the center distance, is
denoted by c,,. The global frame is denoted by {G} and
the roll angles of the pinion and the gear are denoted by
0,and 8,, respectively. By definition, the circles on the
pinion and the gear that locate the start and end point of
mesh are referred to as the limiting circles. If it is
assumed that the contact starts at s = 0 when the roll
angle 8, = 0, then the roll angle at which the contact
starts and ends is given by:

Tp1 Tp1

Where p; & p, represents the radius of curvature

corresponding to limit and addendum circles.
(L.0)

(23)

" Ja

A
P {G}— Fixed frame

(s, 0) {1} = Moving frame pinion

{2} = Moving frame gear

Figure 4. Closed position vector loop

If the surfaces of two gears are in contact at some point
p, then the position vector of point relative to frame {1}
is p; and, p, is the position vector of point P relative to
frame {2}. The position vector p; in the global frame
of reference {G} can be expressed as:

[131]6 = [Fbl ]G +|:15p ]G

Transforming the description of p; from global
reference frame {G} to local frame {1} using direction
cosine transformation matrix corresponding to rotation

0, gives:
Dix {cos 6,
Py, [sin 6,
1y €OSP, + 1,0, sin g,
—Ty sing, + 1,6, cos g, o

24

. 1
—sin 01}
X

cost |,

(25)

For the gear tooth pair to satisfy the condition of
conjugate action, the loop-closure equation must be
satisfied at all instants of time. The closed position

vector loop equation is given as:
Py =p1=C, (26)
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Expressing the above vector equation in terms of its
components in local and global frames gives:

)5 Al
guRed

The local-to-global transformation matrix [16] is used
to eliminate the unit vectors, yielding:

{ Lol T {sz} ~
mmy |, Py 2

where / and m are the direction cosines of the respective

local axes with respect to the global frame. Solving for
the coordinates of position vector p, gives:

{sz} :[cos(91+¢92) —sin(al+¢92)TX

@7

(28)

P2y sin(6,+6,) cos(6, +6,)

Dix cosd, -—sinb, ? c,
Py, sinf, cos6, |0 ],
The expressions derived in Egs. (8)-to-(21), together

with Egs. (25) and (29), are used to model the root fillet
and tooth profile of the A7G.

! (29)

5. INVESTIGATION METHODOLOGY

A reference gear pair of module m = 3 mm, tooth-sum
zg = 80, and pressure angle ¢, = 20° transmitting
power between a center distance c,, = 120 mm is
altered with TAF a = 1.0375 and TAF a = 0.975 for
this case study. The calculation of the ATG geometry
modification parameters, as described in Section 2.1
and Egs. (1)-to-(5) are presented in Table 1. The total
shift X, is shared between the pinion and the gear using
the profile shift factor x. The dimension of the root
fillet as per the ISO recommendation is calculated
using Eq. (6) and Eq. (7) and tabulated in Table 2.

Table 1. ATG Geometrical Parameters
m=3mm,z{ =80,¢,=20°Ff=1andB =0

a z¢=azi z; ¢,Rad) X Y
0.975 78 39 04122 1.089 0.089
1 80 40  0.349 0 0
1.0375 83 40 02242 -1.261 0.239

Table 2. ISO Root fillet Radius

m = 3 mm, zJ = 80, ¢, =20° f=1,1=0.25m,
a=125m

a z¢ 77y kK x4 G Pr
0.5 05445 -0455 0.8mm
0.975 78 39
0.2 02178 -0.782 0.89mm
0.25 -0315 -1.312 1.12mm
1.0375 83 40 -
0.5 0.6305 -1.63 1.3mm
0.75 -0945 -1.94 1.52mm
The flow chart of the computational routine

implementing Eqs. (8)—(21) is presented in Figure. 5.
/ m,z,a,r,x,mo, /
¥

Input Parameters
Compute 1,h, 01,01, May,

While ¢, < 7;

&& tang, # 0

Compute Oz, 02y, Moy, G2, G2y, ,8,rq [

v

Compute Cartesian Coordinates x,y

g, T O

of generated fillet point and append list

Update ¢,

Figure 5. Fillet coordinate routine

The complete tooth profile, comprising the analytically
generated root fillet and involute (Egs. (23) and (29)),
is computed parametrically in MATLAB (MathWorks
Inc., USA) through direct evaluation of the governing
equations. For numerical generation of the fillet and
tooth profiles, the cutter angular position was varied
incrementally in steps of 0.5°. The resulting ordered
coordinate set is exported as an AutoCAD script (.scr)
file, which is executed within AutoCAD Mechanical
(Autodesk Inc., USA) to reconstruct the continuous
tooth geometry via spline interpolation. The resulting
gear tooth wireframe models of A7G, incorporating
analytically generated root fillets for different profile
shift coefficients, are compared with the corresponding
ATG models employing ISO-recommended circular
root fillets in order to evaluate the profile deviations in
the root region. To demonstrate the consequences of
root fillet profile deviations on the tooth root stress in
ATG, a comparative evaluation between gears
incorporating true cutter-path-based fillet and those
employing approximate [SO-based circular fillets is
necessary.

According to ISO 6336-3, the tooth root bending stress
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is evaluated using the form factor Y, which depends on
the geometry of the critical section defined by the tooth
root normal chord. Within the present analytical
formulation, the coordinates of the critical section can
be identified as the point on the fillet curve where the
local slope satisfies dy/dx = tan 60 = 1.732. Twice
the absolute value of the x-coordinate provides the
dimension and y-coordinate defines the location of the
critical section relative to the gear centre.

However, no standardized analytical framework
comparable to the ISO formulation is available for
determining form factors of teeth incorporating
analytically generated non-circular fillets.
Furthermore, substituting the critical section
dimensions obtained from analytically generated non-
circular fillets directly into the ISO form factor
equation is not appropriate, since the ISO parameters
are fundamentally designed for circular root fillet
geometries. Therefore, finite element analysis (FEA) is
adopted in the present study as a geometry-independent
evaluation framework.

The gear tooth wireframe models are exported from
AutoCAD Mechanical in IGES format and imported
into MSC Patran/Nastran (Hexagon AB, Sweden) for
FEA. The wireframe geometries are first converted into
surface models within MSC Patran. The bounding
curves are discretized using the mesh seeding option to
control element density along the geometry. The
surfaces are meshed with 4-node linear quadrilateral

(Quad4) and 3-node linear triangular (Tria3) shell
elements, generated using the automatic hybrid surface
mesher available in MSC Patran. A linear-elastic steel
material model was assigned, with Young’s modulus
E = 206GPa and Poisson’s ratio v = 0.3.

The FEA is based on a plane stress condition across the
face width, with the shell thickness of I1mm
representing a unit face width of the gear tooth. The
model is considered as an isolated tooth segment, and
the base region is fully constrained to represent the
stiffness of the gear body, while the remaining surfaces
are left traction-free. A normal load of 300 N/mm (per
unit face width) was applied at a radius of 60 mm,
slightly below the tooth-tip boundary, to avoid direct
tip loading, and was directed normal to the involute
flank. The same load magnitude, direction, and
application location were used for both the analytically
generated and ISO circular root-fillet models. The
maximum von Mises stress in the tooth-root region was
used as the stress measure for comparison between the
analytically generated and ISO-based fillet geometries.
A mesh convergence study was conducted using
progressively refined shell meshes. The maximum root
stress increased from 440 MPa to 443 MPa when the
element count was increased from 1843 to 4178,
corresponding to a variation of less than 1%. The
negligible change in stress with further refinement
confirms that the mesh is sufficiently converged for
accurate stress evaluation.

Element | Element | Fillet stress | Convergence | 300 N/mm
count type (Mpa) assessment (Load per unit
Quad4 face width)
1843 >D-shell 440 Coarse mesh
0.45% increase
Quad4 :
3637 >D-shell 442 from previous
mesh
0.23%
4178 2%‘_‘;?:” 443 increase-
converged - - -

Figure 6. FEA Loading, Boundary & Convergence

Table 3. Profile deviation at critical section

Standard gear of m = 3 mm, z; = 80, ¢ = 20°,and B =1

a z¢ = az; z; X4 pr(mm) tiso tactual % Deviation
0.975 78 39 0.2178 0.89 6.51 6.59 1.2%
0.975 78 39 0.5445 0.8 6.91 6.94 0.43%
1.0375 83 40 -0.315 1.12 5.67 6.01 6.0%
1.0375 83 40 -0.6305 1.3 5.13 5.60 9.16%
1.0375 83 40 -0.945 1.52 4.65 5.23 12.47%

6. RESULTS AND DISCUSSION

The derived formulation was applied to ATG to
evaluate its capability to reproduce the generated root
fillet geometry. A standard rack of module m = 3 mm,

pressure angle ¢, = 20°, addendum coefficient equal

to unity, and rack tip radius r = 0.25m was considered.
The governing equations were implemented in a
numerical routine to compute the locus of fillet points
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traced by the rack cutter tip for two ATG configurations
with TAF a = 0975 and TAF a =1.0375 and
different profile shifts. The analytical results were
verified through comparison with simulated cutter
envelopes and subsequently evaluated against the ISO-
recommended circular root fillet approximation.

The analytically generated root fillet exhibits excellent
agreement with the simulated cutter envelope (Figs. 7
and 8), confirming that the formulation accurately
captures the kinematics of rack cutter generation.

Figure 7. Root Envelope: Analytical vs. Simulation
TAF a = 0975z, =39

— l/—rp

[T‘W
Figure 8. Root Envelope: Analytical vs. Simulation

TAF a = 1.0375 z; = 40 x; = —0.6305

A comparison with the ISO root fillet approximation
shows that for ATG with TAF a = 0.975, obtained
using two different positive profile shifts, the ISO
circular fillet closely matches the analytically
generated root profile (Figure. 9 & 10), with the
difference in critical section thickness remaining below
1.5% (refer Table. 3). This indicates that for negative
tooth alteration achieved through positive profile shifts,
the ISO approximation may provide a satisfactory
representation. This behavior arises because a positive
profile shift withdraws the rack cutter from the gear
blank, reducing the depth of cutter engagement in the
root region; the resulting fillet locus is swept through a
shorter, more gently curving arc, which a single-radius
circular approximation can represent with little error.

critical

{ {so

L nctual

" Analytical

Figure 9. Root Envelope: Analytical vs. ISO TAF a =
0.975z, =39 x, =0.2178

" Analytical

Figure 10. Root Envelope: Analytical vs. ISO TAF a =
0.975 z; = 39 x; = 0.5445

For ATG with TAF a = 1.0375, root profiles
corresponding to three profile shift conditions were
examined (Figs. 11-to-13). The deviation between the
ISO and analytically generated fillets increases
progressively with increasing negative profile shift
magnitude. The largest differences occur in the upper
root region near the critical section, where the ISO
circular fillet exhibits lower curvature compared to the
analytically generated root profile. This trend arises
because a negative profile shift advances the rack cutter
deeper into the gear blank, lengthening the cutter
engagement path through the root region. The resulting
fillet locus therefore sweeps through a wider range of
local curvature from the root circle to the critical
section, a variation that a single fixed-radius circular
arc cannot represent, causing the discrepancy with the
ISO approximation to grow as the negative shift
magnitude increases.
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critical section
tiso
tactual

" Analytical

Figure 11. Root Envelope: Analytical vs. ISO TAF a =
1.0375 z; = 40 x; = —0.315

¢ritical
7 t isa N
I t ctual
" Anal lytical 1SO

Figure 12. Root Envelope: Analytical vs. ISO TAF a =
1.0375 z; = 40 x; = —0.6305

30130
‘eritical|sectio.
Z) t'so NS
ta tual
~ Analytical T 1SO

Figure 13. Root Envelope: Analytical vs. ISO TAF a = 1.0375 z; =
40 x; = —0.945

The comparison of critical section thicknesses further
highlights this effect. As shown in Table 3, the [SO-
based thickness increasingly underestimates the actual
thickness with increasing negative profile shift, with
errors growing from approximately 6% to 12.5%. This
monotonic increase in discrepancy indicates that the
reliability of the circular approximation deteriorates
progressively as the geometry deviates from standard
conditions. The results therefore demonstrate that
while the ISO approximation may be adequate for
certain geometries, it becomes less representative for

non-standard configurations such as ATG. Such
deviations may lead to significant misestimation of
tooth root stresses, potentially affecting gear strength
assessment and design decisions.
A representative FEA of the root stress distribution for
the ATG case with TAF a = 1.0375, z; = 40, and
x1 = —0.6305 illustrates (Refer Figure. 14 & 15) the
mechanical implications of the geometric differences
between the analytically generated fillet and the ISO
circular approximation. FEA is used as a controlled
comparative  assessment of the mechanical
consequences of the differing root-fillet geometries on
the predicted tooth-root stress, rather than as an
independent validation of the absolute stress
magnitudes. Both fillet representations are evaluated
using identical material properties, loading, boundary
conditions, and FEA formulation, thereby isolating the
effect of the root-fillet geometry on the predicted tooth-
root stress. The peak stresses on the loaded flank occur
at the fillet critical section in both models. The
maximum induced tooth root stress is approximately
332 MPa and 443 MPa for the two fillet representations
under identical loading conditions, indicating an
increase of about 25% when the ISO circular
approximation is used.

300 N/mm Load I

¢ 2 3.32 + 02
Per unit face width 3.11+02

2.89 + 02
2.68 +02 —
246 +02 —
235402 —
2.03 + 02
1.82 + 02
1.61+02
1.39 + 02
1.18 + 02
9.63 + 01
7.48 + 01
534 +01
3.20+ 01
1.06 + 01

Figure 14. Root Stresses: Analytical Envelope TAF a =
1.0375 z; = 40 x; = —0.6305

4.43 + 02
Per unit face width +

u 414 + 02
@ r=60mm 3.85 + 02

A 3.56 + 02 —
327 +02—
: 298 +02 —
351 ST, 2.69 + 02
i 2.40 + 02
2.10 + 02
1.81+ 02
1.52 + 02
j 1.23 + 02
9.39 + 01

6.47 + 01
3.56 + 01
6.47 + 00

ISO Envelope TAF a =

300 N/mm Load I

Figure 15. Root Stresses:
1.0375 z; = 40 x; = —0.6305
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The higher stresses obtained for the ISO circular fillet
can be attributed to the reduced critical section
thickness and smaller curvature radius associated with
the circular representation. As the negative profile shift
increases in ATG configurations, the circular
approximation progressively underestimates the actual
section thickness and produces a sharper curvature in
the upper root region, thereby increasing the stress
concentration at the fillet. In contrast, the analytically
generated profile, obtained from the cutter tool path,
provides a smoother curvature transition together with
a larger effective load-carrying section, resulting in
lower peak stresses.

The difference in stresses induced in the two fillet
geometries becomes particularly important for non-
standard A7G configurations, where cutter penetration
alters the fillet formation mechanism. The higher
stresses associated with the ISO circular representation
indicate that reliance on the circular fillet may lead to
conservative estimates of load-carrying capacity.
While this provides additional safety margin, it may
also result in underutilization of available material
strength when the actual generated fillet deviates
significantly =~ from the circular  assumption.
Incorporating the analytically generated fillet geometry
therefore provides a more realistic basis for stress
evaluation and improves the reliability of strength
assessment for gears with substantial negative profile
modifications.

Overall, the results demonstrate that the proposed tool-
path-based formulation accurately reproduces the
cutter-generated root fillet and can be applied to any
involute spur gear. Its use is particularly justified for
ATG with negative profile shifts where higher
geometric fidelity is needed to capture the true root
profile. For ATG configurations with positive profile
shifts, the ISO circular root fillet approximation
generally remains adequate.

7. VALIDATION OF THE FEA-BASED STRESS
COMPARISON
Both fillet representations in the present study were
evaluated under identical material properties, loading,
boundary conditions, and FEA formulation, isolating
the effect of root-fillet geometry alone on the predicted
stress. As a case-specific cross-check, the ISO circular
fillet stress for the present case (TAF ¢ = 1.0375,
x; = —0.6305, 2z; = 40) was independently
computed using the classical fillet stress expression of

Colbourne [23]:
1.5m(xD —Xy )}

Kf( 2
A w yA
o/ =—cosy

m [0.5m tan;/j
Y4

where the stress-concentration factor K¢, obtained from
the photo-elastic bending studies of Dolan and

(30)

Broghamer on gear teeth, is expressed as [23]:

2 V(2 b
Py Xp =Xy
2
k= 0.3054-0.00489¢, —0.000069((/5;) (31)
2
k, = 0.3620-0.01268¢, + 0.000104(¢;)
2
ky = 0.2934+0.00609¢, +0.000087 (¢;)

The geometric and loading parameters required for Eq.
(30) are tabulated in Table 4. Figure. 16 graphically
illustrates these parameters on the tooth profile.

w

critical section

~ A\

(xA,}’A) E

T,

C
Figure 16. Tooth Profile with ISO-Fillet: TAF a =

1.0375 z; = 40 x; = —0.6305

Table 4. I1SO Fillet-stress parameters: TAF a =
1.0375 z; = 40 x; = —0.6305

Parameter Description Source Value
w Load intensity Section 5 300 N/mm
m Module Table 1 3 mm
Y Load angle CAD 18.407°
Model
Xp Moment arm CAD 59.422 mm
location Model
ki, ky, ks  Stress- Eq. (31) 0.1800,
concentration 0.1500,
constants 0.4500
(%4,y4)  Critical-section CAD 54.9585,
coordinates Model 2.5481
P Fillet radius of =~ Table 2 1.3 mm
curvature
K¢ Stress- Eq. (31) 1.483
concentration
factor

Substitution into Eq. (30) gives of = 416.7MPa,
compared with 443 MPa from the present FEA for the
same case, corresponding to a difference of 6.0%. The
stress-concentration constants used above were
calibrated by Dolan and Broghamer from photoelastic
tests on gears with circular fillet geometry, consistent
with the ISO fillet's own form. An equivalent check for
the cutter-generated fillet would extrapolate this
calibration beyond the circular-fillet geometry class on
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which it was established, and is therefore not reported
as an independent validation. To the authors'
knowledge, no published study reports experimental or
independently-validated stress data for Altered Tooth-
Sum Gears with cutter-generated root fillets under
comparable geometry and loading conditions; the
present cross-check therefore represents the closest
available benchmark under the actual case-specific
conditions of this study. Independent experimental
validation specifically for the cutter-generated fillet in
ATG configurations remains an important direction for
future work.

8. CONCLUSIONS

The study extends cutter kinematics to the ATG
framework to formulate root fillets directly from the
relative motion between the rack cutter and the gear.
Results for representative ATG configurations
demonstrate that the deviation between the analytically
generated  fillets and  ISO-based  circular
approximations increases markedly with the magnitude
of negative profile shift, ranging from 6% to 12.47%,
whereas 1SO-based circular fillets generally provide
adequate engineering representation for positive profile
shifts, with deviations below 1.5 %. Consequently,
FEM analysis of a representative ATG configuration
with negative profile shift shows a 25% difference in
root stress between the cutter-generated and ISO-based
circular fillets, with maximum stresses of 332 MPa and
443 MPa, respectively. This difference is attributed to
variations in fillet curvature distribution and critical-
section thickness, which directly influence the
computed root stress. The results therefore demonstrate
the significant effect of root-profile deviation on
predicted tooth-root stress and highlight the importance
of representing the actual cutter-generated fillet for
negatively shifted ATG configurations.

From an implementation perspective, the formulation
is algebraic and requires only elementary trigonometric
evaluation, allowing direct integration into CAD and
finite element workflows. The present model assumes
rigid-body kinematics under ideal rolling conditions
and is restricted to spur gears generated by symmetric
rack cutters. While the ISO-based fillet stress
prediction was independently corroborated against a
classical analytical method (Section 7), equivalent
independent validation was not available for the
analytically generated fillet because existing stress-
concentration data are primarily calibrated for circular
fillet geometries. Experimental validation to quantify
deviations arising from manufacturing effects, together
with extension of the formulation to other gear types,
remains a topic for future investigation.

The proposed formulation is applicable to any involute
spur gear, with its use particularly warranted for A7G
configurations involving substantial negative profile
shift, where the ISO approximation is shown to be least
reliable. Overall, the proposed analytical approach

establishes a consistent link between cutter kinematics
and root fillet geometry, providing a basis for improved
tooth-rootstress evaluation and the analysis and design
of both standard and non-standard gearing systems,
including A7TG configurations.

NOMENCLATURE

a Tooth-sum B
alteration factor

Center distance

Backlash

Radius of the rack

B alteration factor " tip
K Profile shift factor T Radius (.)f the pitch
circle
x Total profile shift Radius of the
s coefficient v working circle
Profile shift Radius of the base
x . rb .
coefficient circle
é Pressure angle at . Radius of the fillet
P pitch circle U circle
é Pressure angle at v Tooth topping
x location x coefficient
0 Roll angle z Number of teeth
P Circular Pitch z&  Altered Tooth-sum
m Module 2 Reference tooth-
sum
c Center distance of Radius of the ISO
s reference pair Pr circular fillet
ca Working Center Radius curvature-
W  distance of ATG P! limit circle
c Working center Radius curvature-
w distance Pa addendum circle
a Addendum of rack
ABBREVIATIONS
ATG Altered tooth-sum STG Standard tooth-
gears sum gears
Total profile shift Tooth topping
TPSC coefficient TTC Coefficient
Tooth-sum Center distance
TAF Alteration Factor CAF alteration Factor
Profile shift
PSF coefficient
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