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ABSTRACT - This paper deals with the evaluation of the elastic deflections and bending 

moments for orthotopically reinforced concrete rectangular slabs supported on three variously 

restrained edges with the fourth edge free and subjected to triangular load covering the slab 

full area. Six cases are considered for such slabs to cover all possible restraining conditions at 

the three supported edges. Based on the finite difference approach, equations are derived to 

calculate the maximum values of the positive and negative bending moments as well as the 

maximum deflection in any of these six slab cases caused by the applied triangular load. 
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Notations 

Dx , Dy            Flexural rigidity in x and y direction, respectively. 

lx  Span of rectangular slab in the x direction. 

ly  Span of rectangular slab in the y direction. 

m  Ratio of the span in y direction to the span in x direction = ly / lx . 

oy
M

ox
M ,     Yield bending moment per unit-width of slab, in x and y direction 

                      respectively. 

 yx VV ,           Shear force per unit-width of slab, in x and y direction respectively. 

q  Intensity of triangular load per unit area. 

w           Vertical deflection of slab. 

                   Poisson ,s ratio. 
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1- INTRODUCTION 

           It is still customary for structural engineers to use elastic methods in calculating 

induced bending moments in reinforced concrete (RC) slabs due to applied loading. This is 

simply done by referring to different codes of practice where tables are provided for direct 

calculations of elastic moments in reinforced concrete slabs but these are, however, restricted 

to either uniformly loaded one-way slabs or uniformly loaded two-way rectangular slabs 

supported on all sides. The elastic solution presented by other authors such as Reynolds and 

Sleedman, (1) and Jofriet(2), for calculating bending moments in rectangular slabs having other 

types of boundary conditions and subjected to either uniformly distributed load or triangular 

load, are also continuously referred to. 

             In the routine engineering practice, however, the designer is often faced with cases of 

panels having complex shapes, loading configuration and boundary conditions including free 

edges. In such cases the yield line theory due to Johansen(3) can be best consulted which 

makes it possible to determine the real load carrying capacity of a slab as well as identifying 

the actual mode of failure. This inelastic method of Johansen has already been recognised by 

different codes of practice as a powerful method of slab analysis and design; C.P 110(4) and 

the new edition B.S 8100(5) for instance recommend using the yield line theory in slab design. 

The application of the yield line theory in the analysis of different shapes of slabs under 

different types of loading has been carried out by several investigators. Among them are, for 

instance, AL-Hassani and AL-Shadidi (6) who adopted the virtual work method of the yield 

line theory approach to derive equations for predicting the collapse loads of orthotropically 

reinforced rectangular concrete slabs that have three edges supported with different moment 

restraints and a fourth edge free. Two familiar types of loading were considered; namely; 

uniformly distributed load and triangular loading, each covering the full slab area. 

           Based on the finite difference approach, equations are derived in this paper for the 

estimation of deflections and bending moments in orthotropically reinforced concrete 

rectangular slabs having one free edge and three supported edges and subjected to triangular 

 load. Different boundary conditions are considered to exist at the three supported edges such 

that all the six possible cases of support conditions described in Fig. (1) are covered. 

           The adopted method of analysis of this paper has much in common with the one 

presented by Timoshenko and Woinowsky-Krieger (7) for the analysis of isotropically 

reinforced concrete rectangular plates which have either all edges simply supported or all 
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edges fixed and subjected to uniform load or triangular load. Therefore their terminology has 

been followed wherever possible. 

 

2- FINITE DIFFERENCES 

           The method of finite differences is considered one of the most important numerical 

methods. This technique eventually requires the solution of a system of linear algebraic 

equations. Such calculations are commonly performed by means of a computer employing 

matrix methods. 

           The solution of the deflection and bending problem in rectangular plates by using finite 

difference approach is achieved by dividing the plate into a square mesh. By this way the 

problem is reduced to the simultaneous solution of a set of algebraic equations, written for 

every nodal point within the plate.  

           The differential equation of the deflection surface for orthotropic plates was given by 

Timoshenko and Woinowsky-Krieger(7)  as : 
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where Dx , Dy = flexural rigidity in x and y direction, respectively. 

           Equation (1) can be used to investigate the bending of orthotropic rectangular plates 

having nonhomogeneous material such as reinforced concrete  (7). 

           This equation in finite difference becomes; 
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where i is the spacing between nodes in the square mesh. 

           Timoshenko and Woinowsky-Krieger(7)  have shown that the values of the bending 

moments for orthotropic rectangular plates are as follows : 
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where  = Poisson ,s ratio 

          These two equations in finite difference become: 
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           While the differential equations for shear of orthotropic rectangular plates have been 

given by    Timoshenko and Woinowsky-Krieger(7) as follows:  
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           By applying the principles of the finite difference method, equations (4) and (5) 

become 
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become 

 

           The procedure of using these equations to determine deflections and bending moments 

in an orthotropic reinforced concrete rectangular slab can be best demonstrated through the 

following example. 

Example Consider the case of a triangular load on a rectangular plate with two adjacent edges 

simply supported, the third edge free, and the fourth edge built in (slab case 5). Use the finite 

difference method with i=a/4 to obtain the deflection (w) at various points. Take Dx=D, 

Dy=0.75D, and  =0.2. 

Solution The domain is divided into twelve squares of sides a/4 (Fig.2) 

           At the nodes of the simply supported and the clamped edges, the deflection equal to 

zero (w=0). The finite difference formula corresponding to Eq. (1) is applied to all interior 

nodes and to nodes 16 and 24 on the free edge, where the deflections are to be found. This 

application gives eight equations involving thirty-six nodes, indicated in the mesh on the 
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figure. The boundary conditions for each edge, replaced by the finite difference forms, are 

listed below. 

a. At the two simply supported edges ab and ad        

    →=  0w    w5 = w12 = w20 = w27 = w28 = w29 = w30 = w31 = 0 

 →=











0

2

2

y

w     w13 = -  w11, w21 = - w19 
 

→=











0

2

2

x

w    w21 = - w33, w22 = - w34 , w23 = - w35 ,w24 = - w36  

 continuity of zero curvature 







=




0

2

2

y

w  along ab  →  w30 = - w32 = 0 

b. At the clamped edge bc 

→=  0w w6 = w7 = w8 = w9 = 0 

→=











0

x

w
  w13 =  w1 ,  w14 =  w2 , w15 = w3 , w16 =  w4  

continuity of zero rotation 







=




0

y

w  along bc→    w8 = - w10 = 0 

c. At the free edge cd 

Vy = 0  at nodes 16 and 24 

Applying Eq. (5-5) to the two nodes 16 and 24 give respectively; 

0.75 ( w14 – w18 ) + 1.559 ( w23 – w25 ) +4.618 ( w17 – w15 ) = 0 

0.75 ( w22 – w26 ) + 1.559 ( w15 – w17 ) + 4.618 ( w25 – w23 ) =0 

My =0  at nodes 16 and 24 

Applying Eq. (5-3) to the two nodes 16 and 24 give respectively; 

0.75 ( w15 + w17 ) + 0.1732 w24 - 1.846 w16 =0 

0.75 ( w23 + w25 ) + 0.1732 w16 - 1.846 w24 =0 

           By applying Eq. (1) to nodes 13, 14, 15, 16, 21, 22, 23 and 24 and inserting the 

deflections given in cases A and B, eight simultaneous equations are obtained containing 

twelve unknown values of w at nodal points 13 through 18 and 21 through 26. Case C 

provides four equations in terms of the same unknown values of w. The resulting twelve 

independent expressions are represented in the following matrix form. 
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solution of these equations gives:- 

w13 = 0.1593321 qi4/D w17 = 0.05586649 qi4/D w23 = 0.164265 qi4/D 

w14 = 0.1802482 qi4/D w18 =- 0.1676338 qi4/D w24 = 0.1148914 qi4/D 

w15 = 0.1346841 qi4/D w21 = 0.183751 qi4/D w25 = 0.09815325 qi4/D 

w16 = 0.08819727 qi4/D w22 = 0.2130231 qi4/D w26 =-0.03021366 qi4/D 

          Eqs. (2) and (3) are used to evaluate the bending moments at all nodes of the plate and 

the maximum values of the positive and negative bending moments in the plate are found to 

be; 

2152716.0 qioxM =+          21518407.0 qioyM =+                  23605.0 qioxM =−  

        2009545.0 aq=                200949.0 aq=                        2022531.0 aq=           

           By using the same procedure, the coefficients of the maximum positive and maximum 

negative bending moments in the six slab cases are obtained (see next article). 

 

3- INTRODUCING BENDING MOMENT COEFFICIENTS  

           Fig. (3) shows a two-way reinforced concrete rectangular slab supported on three edges 

with the fourth edge free and having spans (lx) and (ly), where (lx) is parallel to the free edge 

and (ly) perpendicular on it. 

           When the slab is subjected to a triangular load of intensity q, per unit area the 

maximum negative and maximum positive bending moments of the middle strips running in 

the two orthogonal directions of the slab are;  


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xlqyCoyM

x
lqxCoxM

xlqyCoyM

xlqxCoxM

…(6)                                                 

           and the values of the coefficients 
−

xC , 
−

yC ,
+

xC  and 
+

yC  (for the six different cases of 

reinforced concrete rectangular slabs) are presented in Tables (1 to 6). For a particular slab 

case, these bending moment coefficients are given for each aspect ratio m of the slab (where 

m =ly/lx). 
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4- CONCLUSIONS 

           Methods for the analysis and design of orthotopically reinforced concrete rectangular 

slabs supported on three variously restrained edges with the fourth edge free and subjected to 

triangular load are rare. In this paper, coefficients are presented in tables for direct 

calculations of deflection and bending moments in such slabs. These tables are therefore quite 

useful and serve as powerful tools for simplifying the analysis and design of RC rectangular 

slabs having one free edge. 
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Case (1) Three Edges Fixed-One 

Edge Free 

Case (3) Two Adjacent Edges 

Fixed-One Edge Simply Supported-

One Edge Free 

Case (2) Two Parallel Edges Fixed 

- One Edge Simply Supported-One 

Edge Free 

Case (4) Two Parallel Edges 

Simply Supported- One Edge 

Fixed-One Edge Free 

Case (5) Two Adjacent Edges 

Simply Supported -One Edge Fixed 

-One Edge Free 

Case (6) Three Edges Simply 

Supported-One Edge Free 
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Fig.(1):- The six possible cases of a RC rectangular slab supported on three edges only with 

the fourth edge free. 
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Fig.(2):-  Rectangular plate divided into twelve square mesh. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.(3):- Distribution of bending moments in a two-way rectangular slab supported on three 

edges with the fourth edge free. 
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Table(1):- Numerical factors −++
x

C
y

C
x

C ,,, and −
yC  for slab case (1) subjected to 

triangular load. 2.0= (concrete). 

 

 

 

m D

xql
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=  

  

2

max xlqxcxM
+

=
+  

+

xC  

2

max xlqycyM
+

=
+  

+

yC  

2

max xlqxcxM
−

=
−  

−

xC  

2

max xlqycyM
−

=
−  

−

yC  

0.500 0.00082 0.007528 0.0066 0.0095 0.012618 

0.625 0.00092 0.008912 0.00765 0.01348 0.0164 

0.750 0.00108 0.010308 0.00864 0.01743 0.02015 

0.875 0.00112 0.012271 0.009447 0.02151 0.02203 

1.000 0.001144 0.01424 0.010244 0.02537 0.0239 

1.125 0.001276 0.01587 0.011253 0.02736 0.02661 

1.250 0.001407 0.01748 0.012261 0.02937 0.02927 

1.375 0.001519 0.018687 0.01277 0.03154 0.03072 

1.500 0.001627 0.019891 0.01328 0.03368 0.032155 

1.625 0.001752 0.021393 0.013555 0.03613 0.03323 

1.750 0.001876 0.0229 0.0138273 0.03832 0.0343 

1.875 0.00198 0.0242 0.01402 0.04038 0.03514 

2.000 0.002074 0.0253 0.014156 0.04232 0.03594 

 

Table(2):- Numerical factors ++
y

C
x

C ,, and 
−
xC for slab case (2) subjected to triangular 

load. 2.0= (concrete). 
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.max
=  

  

2
.max xlqxcxM

+
=

+  

+

xC  

2
.max xlqycyM

+
=

+  

+

yC  

2
.max xlqxcxM

−
=

−  

−

xC  

0.500 0.0009313 0.0096 0.008209 0.016825 

0.625 0.00107 0.01131 0.0092 0.01836 

0.750 0.00115 0.012964 0.01008 0.01992 

0.875 0.001273 0.01506 0.01064 0.02413 

1.000 0.001372 0.01713 0.01116 0.0284 

1.125 0.00152 0.01892 0.012262 0.03141 

1.250 0.0016634 0.020733 0.0133683 0.034417 

1.375 0.00178 0.02216 0.01394 0.03681 

1.500 0.0019 0.023582 0.014497 0.0392 

1.625 0.001989 0.02465 0.01482 0.041 

1.750 0.00208 0.02577 0.01512 0.04284 

1.875 0.002156 0.02642 0.01534 0.04424 

2.000 0.002229 0.0271 0.01551 0.04563 
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Table(3):- Numerical factors −++
x

C
y

C
x

C ,,, and −
yC for slab case (3) subjected to 

triangular load. 2.0=  (concrete). 

 

 

 

 

m D

xql

w

4

max
=  

  

2

max xlqxcxM
+

=
+  

+

xC  

2

max xlqycyM
+

=
+  

+

yC  

2

max xlqxcxM
−

=
−  

−

xC  

2

max xlqycyM
−

=
−  

−

yC  

0.500 0.000961811 0.00959 0.00732 0.01164 0.01465 

0.625 0.00112 0.0108 0.00881 0.01639 0.01958 

0.750 0.0012785 0.0118124 0.01025 0.0211227 0.024473 

0.875 0.00142 0.01438 0.01162 0.0251 0.02788 

1.000 0.001538 0.016947 0.01308 0.028861 0.03127 

1.125 0.00175 0.01892 0.01392 0.03216 0.03387 

1.250 0.001948 0.02092 0.014755 0.03543 0.03646 

1.375 0.002153 0.02316 0.01551 0.03911 0.0385 

1.500 0.002356 0.02539 0.016246 0.042777 0.04052 

1.625 0.002533 0.02731 0.01668 0.04607 0.04213 

1.750 0.002718 0.029274 0.01708 0.049315 0.0437 

1.875 0.002881 0.03087 0.02286 0.05204 0.04502 

2.000 0.0030223 0.03249 0.02852 0.05471 0.04619 
 

Table(4):- Numerical factors ++
y

C
x

C ,, and −
yC  for slab case (4) subjected to triangular 

load. 2.0=  (concrete). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

m D

xql
w

4

.max
=  

  

2
.max xlqxcxM

+
=

+  

+

xC  

2
.max xlqycyM

+
=

+  

+

yC  

2
.max xlqycyM

−
=

−  

−

yC  

0.500 0.001208 0.001667 0.00654 0.022915 

0.625 0.00155 0.00906 0.0083 0.02844 

0.750 0.001877 0.016374 0.00985 0.034193 

0.875 0.00227 0.01983 0.01102 0.03771 

1.000 0.002635 0.023264 0.01208 0.04125 

1.125 0.00292 0.02681 0.01516 0.04509 

1.250 0.003195 0.030387 0.018244 0.048904 

1.375 0.003506 0.03344 0.0194 0.05202 

1.500 0.0038137 0.036504 0.02048 0.055054 

1.625 0.004106 0.03926 0.02081 0.05761 

1.750 0.004385 0.042 0.021 0.06012 

1.875 0.004674 0.04434 0.02189 0.06222 

2.000 0.00497 0.04676 0.0229 0.0643 
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Table(5):- Numerical factors ++
y

C
x

C ,, and −
xC  for slab case (5) subjected to triangular 

load. 2.0=  (concrete). 

 

 

 

 

m D

xql
w

4

.max
=  

  

2
.max xlqxcxM

+
=

+  

+

xC  

2
.max xlqycyM

+
=

+  

+

yC  

2
.max xlqxcxM

−
=

−  

−

xC  

0.500 0.001132 0.01367 0.007795 0.018935 

0.625 0.001325 0.014521 0.00933 0.0233 

0.750 0.0015153 0.015352 0.010856 0.027691 

0.875 0.00174 0.01841 0.01241 0.031777 

1.000 0.0019392 0.0214196 0.0139283 0.035862 

1.125 0.00214 0.02361 0.01545 0.03971 

1.250 0.0023334 0.025804 0.017 0.043233 

1.375 0.002503 0.027616 0.01786 0.04631 

1.500 0.0026724 0.029462 0.01876 0.049393 

1.625 0.002852 0.03103 0.018828 0.05195 

1.750 0.0030303 0.032468 0.019792 0.0545 

1.875 0.003207 0.03418 0.02013 0.05735 

2.000 0.0033515 0.03586 0.020439 0.060177 

Table(6):- Numerical factors +
x

C, and +
y

C for slab case (6) subjected to triangular load. 

2.0=  (concrete). 

 

 

 

m D

xql
w

4

.max
=  

  

2
.max xlqxcxM

+
=

+  

+

xC  

2
.max xlqycyM

+
=

+  

+

yC  

0.500 0.00201 0.01839 0.00708 

0.625 0.0024 0.02093 0.00762 

0.750 0.00268 0.02358 0.00815 

0.875 0.00297 0.02618 0.00952 

1.000 0.00325 0.028774 0.01087 

1.125 0.0036 0.03266 0.012718 

1.250 0.00387 0.03658 0.0145656 

1.375 0.00404 0.041351 0.017533 

1.500 0.0042 0.04613 0.0205 

1.625 0.004662 0.047523 0.02413 

1.750 0.005136 0.048922 0.0277 

1.875 0.005414 0.051532 0.02831 

2.000 0.005691 0.05415 0.029 
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والأود المرن للبلاطات الخرسانية المستطيلة المسندة على ثلاث   اءالانحنحساب عزوم 
 ومسلط عليها حمل ذو توزيع خطي  المتعامدين الاتجاهين حافات وذات تسليح مختلف في 

 
 د. أسماء علي احمد  د. سرمد شفيق عبد القادر 

 مدرسة  مدرس 

 نشاءات ـ الجامعة التكنولوجية لبناء و الإ قسم هندسة ا وجية قسم هندسة البناء و الإنشاءات ـ الجامعة التكنول

 

 الخلاصة

عممم  لأ ش ا  ممم ط شاالخممم   شال سممم ا   شا  ممما      تمممي هممما بمممأش شاق مممد ت ممماب ا ودممم رن  ا  ممم   ش  ر شا ممم                

ح ة  ود ض    د وع ح ه  رشبد شا اد ودين  شا   دة ع ى ثلث ح ه   ولا ف  شااب  ب نتج ب نشاشكل و     ت      ولا فآ 

ذ  توزيممع ي مما  ع ممى لاممل شاالخمم   تممي ررشسمم  سمما  حمم ن  ولا فمم  ايممأن شاالخمم   اان مما    ممع تامموش  شااب  ممد ع ممد  ا  ممل

ا  ممم   شا ممم ي شادز مممى ادممم  لأ  ش زوممم شا دممم رن   ن ممماب اخ يبممم  شاف   ممم   شا  مممدرة  شسمممالدو شا  هممم   شا  ممم دة شا لث  

  ايأن شاالخ   ت   تأث   شا  ل شال ا شا   ط شا ا   عزي اج  ع شا  نا  اق   ش  ر ش شا و ق   ش  شنا   ط

 


