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ABSTRACT - Numerical analyses are performed using the ANSYS finite element 

program to simulate reinforced concrete beams strengthened by carbon fiber reinforced 

polymer applied at the bottom of these beams. Nonlinear material behavior, as it relates to 

steel reinforcing bars and plain concrete, and linear behavior for carbon fiber reinforced 

polymer is simulated using appropriate constitutive models. The results showed that the 

general behavior of the finite element models represented by the load-deflection curves at 

midspan show good agreement with the test data from the previous researches. Also, the crack 

patterns at the failure loads from the finite element models correspond well with the observed 

failure modes of the experimental beams. The Finite element models represented by this 

research can be used to work parametric study for the strengthening of beams with CFRP.  

Keywords: Finite element modeling; Reinforced concrete beams; Carbon Fiber-Reinforced 

Polymers. 

 

1-INTRODUCTION: 

           In recent years, strengthening of reinforced concrete beams with FRP composites has 

been emerged as an attractive alternative to the strengthening with steel plates, because of the 

attractive mechanical properties of FRP composites such as, high tensile strength, high 

resistance for corrosion, ease of application and low cost mountainous (1,2) . Bonding FRP 

reinforcement to the tension face of a concrete flexural member with fibers oriented along the 

length of the member will provide an increase in flexural strength. Many experimental 

researches in this scope were presented, David, et al (3) , Minh et al (4) Harik and Choo (5) and 

others researchers tested beams bonded with externally CFRP  strips and their results show 

that CFRP is very effective for flexure strengthening. On the other hand, as compared with 
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experimental researches, the theoretical researches are very little, Hsuan-Teh Hu (6) simulated 

beams strengthened with CFRP in finite element method using ABAQUS program, the 

resulting nonlinear constitutive equations for the FRP are coded in FORTRAN language as a 

subroutine and linked to the ABAQUS program.  

In this paper, the ANSYS finite element program(7) is used to simulate eight full scale 

reinforced concrete beams tested by M. R. Esfahani et al(8). 

 

2- M. R. ESFAHANI ET AL. EXPERIMENTAL TEST (8). 

           For the beam specimens, the design compressive strength of 25 MPa was used. The 

yield and ultimate strength of different bars are given in Table 1. 

 

Table(1):- Test result of steel reinforcement bars 

Bar diameter (mm) 8 10 12 16 20 

Yielding stress (N/mm2) 350 365 400 406 350 

Ultimate stress (N/mm2) 459 572 578 583 570 

 

           CFRP sheets were used for strengthening the beams. Mechanical properties of CFRP 

sheets were measured according to ASTM D3039 Standard(9). Table 2 presents the 

mechanical properties of CFRP sheets. 

 

Table(2):- Mechanical properties of CFRP sheet 

Layer thickness 

(mm) 
Ultimate strain 

Tension strength 

(N/mm2) 

Modulus of elasticity 

(kN/mm2) 

0.176 0.0120 2845 237 
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Fig.(1):- stress-strain relationship of CFRP specimen 

           The stress–strain relationship of CFRP sheets is shown in Fig.(1). The adhesive used 

for applying the CFRP sheet on the concrete surface was hand-mixed epoxy. Before applying 

the adhesive, the CFRP sheet was cut to length; the bottom sides of the specimens were 

prepared by removing any concrete surface irregularities and loose particles in order to make 

it a smooth surface. The adhesive was applied evenly on the concrete surface using a brush. 

The CFRP sheet was then smoothly hand-laid to achieve a wrinkle-free surface. The air 

between the concrete surface and CFRP sheet was removed using a plastic roller. Finally, a 

layer of adhesive was applied on the CFRP sheet for better adhesion. The adhesive curing 

time was at least one week, according to the manufacturer’s instructions(8). Testing of the first 

specimen started after one week(8). 

 

Table(3):- Details of beam specimens 

Specimens 

CFRP 

width 

(mm) 

CFRP 

layer 

numbers 

 
(N/mm2) 

As   

(mm2) 
As'  (mm2) 

d                            

(mm) 

d' 

(mm) 

B5-16D-0L 0 0 23.8 402 157 164 25 

B6-16D-1L10 100 1 23.8 402 157 164 25 

B7-16D-1L15 150 1 23.8 402 157 164 25 

B8-16D-2L15 150 2 23.8 402 157 164 25 

B9-20D-0L 0 0 24.1 628 157 162 25 

B10-20D-1L10 100 1 24.1 628 157 162 25 

B11-20D-1L15 150 1 24.1 628 157 162 25 

B12-20D-2L15 150 2 24.1 628 157 162 25 
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Fig.(2):- Details of beam specimens(8) 

           As shown in Fig.(2) and Table 3, six specimens were strengthened using CFRP sheets. 

The number of layers and the width of CFRP sheets varied in different specimens. Two 

specimens were kept without strengthening as control specimens. Specimens are named as 

Ba-bD-cLd. The letters a, b, c, and d refer to beam number, tensile bar diameter, the number 

of layers and width of CFRP sheet, respectively. 

 

3- MATERIAL PROPERTIES AND CONSTITUTIVE MODELS 

3.1- Element types 

           An eight-node solid element, Solid65, was used to model the concrete. The solid 

element has eight nodes with three degrees of freedom at each node – translations in the nodal 

local x, y, and z directions. The element is capable of plastic deformation, cracking in three 

orthogonal directions, and crushing. The geometry and node locations for this element type 

are shown in Figure (3). 

 
Fig.(3):- Solid65 element 

           A Link8 element was used to model the steel reinforcement. Two nodes are required 

for this element. Each node has three degrees of freedom, – translations in the nodal x, y, and 
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z directions. The element is also capable of plastic deformation. The geometry and node 

locations for this element type are shown in Figure (4) 

 

Fig.(4):- Link8 element 

           A layered solid element, Solid46, was used to model the FRP composites. The element 

allows for up to 100 different material layers with different orientations and orthotropic 

material properties in each layer. The element has three degrees of freedom at each node 

which are translations in the nodal x, y, and z directions. The geometry, node locations, and 

the coordinate system are shown in Figure(5). 

 
Fig.(5):- Solid46 element 

           An eight-node solid element, Solid45, was used for the steel plates at the supports in 

the beam models. The element is defined with eight nodes having three degrees of freedom at 

each node which are translations in the nodal x, y, and z directions  The geometry and node 

locations for this element and the coordinate system are shown in Figure (6). 

 
Fig.(6):- Solid 45 element 
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3.2- Modeling of material properties 

3.2.1. Concrete 

In compression, the stress-strain curve for concrete is linearly elastic up to about 30 percent of 

the maximum compressive strength. Above this point, the stress increases gradually up to the 

maximum compressive strength. After it reaches the maximum compressive strength σ
cu 

, the 

curve descends into a softening region, and eventually crushing failure occurs at an ultimate 

strain ε
cu 

. In tension, the stress-strain curve for concrete is approximately linearly elastic up to 

the maximum tensile strength. After this point, the concrete cracks and the strength decreases 

gradually to zero. Figure (7) shows Typical uniaxial compressive and tensile stress-strain 

curve for concrete. 

 

Fig.(7):- Typical uniaxial compressive and tensile stress-strain curve for concrete. 

 

 
 

 

           The present study assumed that the concrete is a homogeneous and initially isotropic. 

The compressive uniaxial stress-strain relationship for concrete model is obtained by using 

the following equations to compute the multilinear isotropic stress-strain curve for the 

concrete (10,11) shown in figure 8(12). 
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           The simplified stress-strain curve for each beam model is constructed from six points 
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connected by straight lines. The curve starts at zero stress and strain. Point 1, at , is 

calculated for the stress-strain relationship of the concrete in the linear range (must satisfy 

Hooke’s law). Points 2, 3, and 4 are obtained from Equation 2, in which εo is calculated from 

Equation 4. Point 5 is at εo and . The behavior is assumed to be perfectly plastic after      

point 5(13). 

 

Fig.(8):- Simplified compressive uniaxial stress-strain curve for concrete 

3.2.2- Steel  

       Steel was assumed to be an elastic-perfectly plastic material and identical in tension and 

compression. Poisson’s ratio of 0.3 was used for the steel reinforcement in this study Figure 

(9) shows the stress-strain relationship used in this study. Material properties for the steel 

reinforcement for all eight models are as follows:  

Elastic modulus, Es = 200,000 MPa, Poisson’s ratio (0.3). 

 

Fig.(9):- Stress-strain curve for steel reinforcement 

 

3.2.3- Carbon Fiber Reinforced polymer 

           FRP composites are materials that consist of two constituents. The constituents are 

combined at a macroscopic level and are not soluble in each other. One constituent is the 

reinforcement, which is embedded in the second constituent, a continuous polymer called the 
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matrix. The reinforcing material is in the form of fibers, i.e., carbon and glass, which are 

typically stiffer and stronger than the matrix. The FRP composites are anisotropic materials; 

that is, their properties are not the same in all directions. Figure (10) shows a schematic of 

FRP composites. 

 

Fig.(10):- shows a schematic of FRP composites 

           Linear elastic properties of the CFRP composites were assumed throughout this study. 

Figure (11) shows the stress-strain curves used in this study for the FRP composites in the 

direction of the fiber. 

 

Fig.(11):- Stress-strain curves for the FRP composites in the direction of the fibers 

 

4- NUMERICAL ANALYSIS AND COMPARISON OF RESULTS 

4.1 Load-Deflection curves 

           Deflections are measured at midspan at the center of the bottom face of the beams. 

Figures (12) to (19) show the load-deflection curves for the control and flexural-strengthened 

beams for experimental (8) and analytical results. In general, the load deflection curves for the 

beams from the finite element analyses agree quite well with the experimental data. The finite 

element load deflection curves in the linear range are somewhat stiffer than the experimental 

plots. After first cracking, the stiffness of the finite element models is again higher than that 
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of the experimental beams. There are several effects that may cause the higher stiffnesses in 

the finite element models. First, microcracks are present in the concrete for the experimental 

beams, and could be produced by drying shrinkage in the concrete and/or handling of the 

beams. On the other hand, the finite element models do not include the microcracks. The 

microcracks reduce the stiffness of the experimental beams. Next, perfect bond between the 

concrete and steel reinforcing is assumed in the finite element analyses, but the assumption 

would not be true for the experimental beams. As bond slip occurs, the composite action 

between the concrete and steel reinforcing is lost. Thus, the overall stiffness of the 

experimental beams is expected to be lower than for the finite element models (which also 

generally impose additional constraints on behavior). 

 

B5-16D-0L

0

20

40

60

80

0 2 4 6 8 10 12 14 16 18

Displacement (mm)

L
o

a
d

 (
k
N

)

EXP
FEM

 

Fig.(12):- Load-deflection curve of beam 

(B5) 
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Fig.(13):- Load-deflection curve of beam 

(B6) 
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Fig.(14):- Load-deflection curve of beam 

(B7) 
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Fig.(15):- Load-deflection curve of beam 

(B8) 
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Fig.(16):- Load-deflection curve of beam 

(B9) 
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Fig.(17):- Load-deflection curve of beam 

(B10) 
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Fig.(18):- Load-deflection curve of beam 

(B11) 
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Fig.(19):- Load-deflection curve of beam 

(B12) 

 

4.2- Stresses and Strain Distribution in Beams 

           Figure (20) shows the predicted stress distribution in concrete for beam (B11) along a 

section of mid-span of the beam at various stages of loading. The stress distribution in 

concrete at the early stages was linear. After cracking load the distribution of concrete stress 

becomes nonlinear. As the load is increased, position of the neutral axis is shifted toward the 

compression zone of the cross section. The increase in concrete strain of beam along a section 

of the beam at various stages of loading is also presented in Figure (21). the variation of strain 

was almost linear until failure. The linear variation of strain can be attributed to the proper 

anchorage of the CFRP sheet to the supports. The proper anchorage prevented the debonding 

of CFRP sheet from concrete. 
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Fig.(20):- Stress Distribution for Concrete Section of beam (11) 
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Fig.(21):- Strain Distribution for beam (11) 

4.3 Crack pattern 

           The ANSYS program records a crack pattern at each applied load step. Figures (22) to 

(24) shows evolutions of crack patterns developing for each beam at the last loading step. 

ANSYS program displays circles at locations of cracking or crushing in concrete elements. 
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Cracking is shown with a circle outline in the plane of the crack, and crushing is shown with 

an octahedron outline. The first crack at an integration point is shown with a red circle 

outline, the second crack with a green outline, and the third crack with a blue outline (7). And 

these figures show comparison of cracks patterns between experimental beams and finite 

element beams at failure load. In general, flexural cracks occur early at midspan. When 

applied loads increase, vertical flexural cracks spread horizontally from the midspan to the 

support. At a higher applied load, diagonal tensile cracks appear. Increasing applied loads 

induces additional diagonal and flexural cracks. Finally, compressive cracks appear at nearly 

the last applied load steps. 

 

 
Fig.(22):- Cracks patterns in beam (6) and finite element model of beam( 6) 

 

 

 
Fig.(23):- Cracks patterns in beam (10) and finite element model of beam( 10) 
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Fig.(24):- Cracks patterns in beam (12) and finite element model of beam( 12) 

 

           The failure modes of the finite element models show good agreement with 

observations and data from the experimental full-scale beams. The addition of FRP 

reinforcement to the control beam shifts the behavior of the beams from a shear failure near 

the ends of the beam to flexure failure at the midspan. 

4.4 Loads at Failure 

           Table 5 shows comparisons between the ultimate loads of the experimental beams (8) 

and the final loads from the finite element models. The final loads for the finite element 

models at the last applied load steps before the solution diverges due to numerous cracks and 

large deflections. It is seen that the ANSYS models underestimate the strengths of the beams, 

as anticipated. One explanation is that the toughening mechanisms at the crack faces, i.e. the 

grain bridging process, interlocking between the cracked faces, crack tips blunted by voids, 

and the crack branching process, may also slightly extend the failures of the experimental 

beams before complete collapse. The finite element models do not have these mechanisms. 

Finally, the material properties and (model) assumed in this study may be imperfect. 
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Table (5): Comparisons between the ultimate loads of the experimental beams (8) and the final 

loads from the finite element models. 

 

5- CONCLUSIONS 

           In this paper, nonlinear finite element analyses of rectangular reinforced concrete 

beams strengthened by CFRP are performed. Based on the numerical results, the following 

conclusions may be drawn: 

1. The general behavior of the finite element models represented by the load-deflection 

curves at midspan show good agreement with the test data from the full-scale beam 

tests. However, the finite element models show slightly more stiffness than the test 

data in both the linear and nonlinear ranges. The effects of bond slip (between the 

concrete and steel reinforcing) and microcracks occurring in the actual beams were 

excluded in the finite element models, contributing to the higher stiffness of the finite 

element models.  

2. The final loads from the finite element analyses are lower than the ultimate loads from 

the experimental results. This is probably due ignoring the effects of concrete 

toughening mechanisms; and using assumed materials properties values instead of 

measured values.  

3. The load carrying capacity of the Flexure strengthened beam predicted by the finite 

element analysis is higher than that of the Control Beam. 

Beam 

Experimental(8) 

ultimate load 

(kN) 

Numerical 

ultimate load 

(kN) 

% 

Difference 

Increased in 

ultimate load of 

strengthened 

B5-16D-0L 75.94 
64 15.7 1.00 

B6-16D-1L10 84.93 
72 15.2 1.13 

B7-16D-1L15 94.92 
78.4 17.4 1.23 

B8-16D-2L15 105.91 
94 11.2 1.47 

B9-20D-0L 96.42 
88.8 7.9 1.00 

B10-20D-1L10 106.32 
98 7.8 1.10 

B11-20D-1L15 108.91 
104 4.5 1.17 

B12-20D-2L15 113.41 
112 1.2 1.26 
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4. The crack patterns at the final loads from the finite element models correspond well 

with the observed failure modes of the experimental beams.  
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Notations 

 

Ultimate uniaxial compressive strength ( N/mm2) 

Ec Concrete elastic modulus ( N/mm2) 

Es Steel elastic modulus ( N/mm2) 

ƒc stress at any strain ε ( N/mm2) 

fr Concrete modulus of rupture ( N/mm2) 

ε Strain  

ε1 strain corresponding to ( )  

εcu ultimate compressive strain  

εo Strain at the ultimate compressive strength   
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استخدام طريقة العناصر المحددة لتحليل العتبات الخرسانية المسلحة المقواة بألياف  

 الكربون المسلح بالبوليمر في حالة الانثناء 

 
 وسام داود سلمان  د. عامر محمد إبراهيم

 مدرس مساعد أستاذ مساعد 

 كلية الهندسة ـ جامعة ديالى  كلية الهندسة ـ جامعة ديالى 

 

 الخلاصة
لبحاكدداا  ل لتبليددل العت ددا  ( ANSYSلقد استخدم التحليل العددد ) ريقةقددع الع الددق البحددد ا  اسددتخدام  ق ددا              

سلوك البددوا  كددان خيددق اليددا  ال سدد ع  ألياف الكق ون البسلح  ال وليبقالبل تع في  سفل العت ا .  الخقسا يع البسلحع البقواا

 لياف الكق ون البسلح  ال وليبق فكان سلوكها اليا للولول إلى  باذج  لائبع لققة ع لقض ان حدةد التسليح لالخقسا ع,  ا  

الا حقاف في لسط العت ع –الق البحد ا لالتي ةبللها   ح ي الحبل  للواقع,  تائ  السلوك العام لل باذج البتكو ع  لقةقع الع 

 ظهق  تقارب ك يق  ع ال يا ا  العبليع لل حوث السا قع.كبا  ن  بط التشقق ع ددد الحبددل ال هددائي ل بدداذج الع الددق البحددد ا 

ا ال حددي ةبكدد   ن تسددتخدم تتلا ق تبا ا  ع العت ا  البفحولع عبليا.ال بدداذج البتكو ددع  لقةقددع الع الددق البحددد ا فددي  دد 

 لدراسع البحد ا  العبليع لتقوةع العت ا   ألياف الكق ون البسلح  ال وليبق.  

 

 


